We estimate constraints on the existence of a heavy, mostly sterile neutrino with mass between 10 eV and 1 TeV. We improve upon previous analyses by performing a global combination and expanding the experimental inputs to simultaneously include tests for lepton universality, lepton-flavor-violating processes, electroweak precision data, dipole moments, and neutrinoless double beta decay. Assuming the heavy neutrino and its decay products are invisible to detection, we further include, in a self-consistent manner, constraints from direct kinematic searches, the kinematics of muon decay, cosmology, and neutrino oscillations, in order to estimate constraints on the values of |U e4 | 2 , |U µ4 | 2 , and |U τ 4 | 2 .
I. INTRODUCTION
Neutrinos are the least understood particles in the standard model (SM). While it is known that there are three neutrino flavor eigenstates that participate in the weak interactions [1] , referred to as active neutrinos, it is a generic possibility that there are also electroweak singlet states, called sterile neutrinos, and that the three active flavor eigenstates are linear superpositions of more than just three mass eigenstates,
where ν i are neutrino mass eigenstates with mass m i , U αi are elements of a unitary matrix, and k is the number of additional neutrinos beyond those present in the SM. This manuscript focuses on the hypothesis that the SM is augmented by one new neutrino, i.e., k = 1, and how experimental results can illuminate this possibility. Throughout, we will assume that there is no relation between the different mixing-matrix elements U αi , or any relation between U αi and the different neutrino masses m i . To date, much attention has been paid to a single Majorana sterile neutrino augmenting the SM, with mass 10 eV m 4 1 TeV, where the model responsible for its decay is identical to the model that dictates its production, i.e., neutrino production and decay are governed uniquely by the weak interactions. As discussed, for example, in Refs. [2] [3] [4] [5] , this particular scenario can be constrained, sometimes severely, by direct searches for the decay products of the heavy neutrino. However, it is not necessary that neutrinos are Majorana or that the decay of the heavy neutrino is mediated only by weak interactions. Thus, constraints obtained using a particular model for the heavy neutrino decay must be differentiated from constraints on the existence of a heavy neutrino.
Here, we make the phenomenological decision that experiments cannot measure the decay of the heavy neutrino. Put precisely, ν 4 decays to other particles that are effectively invisible to direct detection, e.g., light neutrinos, dark matter, or other unknown light states. This assumption provides, in some sense, conservative estimates for upper bounds on the matrix elements |U α4 | 2 , since, in principle, stronger constraints on the matrix elements can be achieved if the heavy neutrino decays into visible particles. Without observables associated with the heavy neutrino decay, constraints on its existence can change dramatically. Furthermore, neutrino-decay assumptions modify qualitatively how bounds from different types of observables are to be combined. For example, we note that some analyses, e.g., Refs. [2, 3, 5] , include both constraints from experimental searches for specific decay products of the heavy neutrino, and constraints that assume that the heavy neutrino does not decay visibly, such as searches for the kinematic signatures of a heavy neutrino in meson decay. Here, we pay close attention to the assumptions regarding the decay of the heavy neutrino in order to present self-consistent results.
Our analysis goes beyond just rearranging previously derived constraints on the values of |U e4 | 2 , |U µ4 | 2 , and |U τ 4 | 2 . We include limits from dedicated kinematic searches, but also include our own estimates for limits using tests of lepton universality (charged-lepton decays, pseudoscalar meson decays, W -boson decays, etc), lepton-flavor-violating processes (µ−e conversion, radiative charged-lepton decays, three-body tau decays, etc.), neutrinoless double beta decay, the spectrum of Michel electrons from muon decay, the invisible decay width of the Z boson, and neutrino oscillations. We combine all the relevant experimental results via a global χ 2 function in order to estimate simultaneous upper limits on |U e4 | 2 , |U µ4 | 2 , and |U τ | 2 , when 10 eV m 4 1 TeV.
This analysis is outlined as follows. In Section II, we discuss constraints on a heavy neutrino that are decay independent, e.g., tests of lepton universality, invisible decays of the Z boson, lepton-flavor-violating processes, and neutrinoless double beta decay. In Section III, we interpret other experimental results -β decay, pseudoscalar meson decay, neutrino oscillations, etc. -as constraints on a heavy neutrino that decays invisibly. In Section IV, we describe the details of how we combine the experimental constraints, present the resultant simultaneous limits on |U e4 | 2 , |U µ4 | 2 , and |U τ 4 | 2 , discuss the results, highlight important differences with other analyses found in the literature, and offer some concluding remarks.
II. DECAY-INDEPENDENT CONSTRAINTS ON A HEAVY NEUTRINO
This section summarizes constraints on the existence of a single heavy neutrino by focusing on observables with no heavy neutrino in the final state. These observables are independent of whatever physics controls the heavy neutrino decay, and the associated constraints are useful not only for our present analysis but also apply whenever a heavy neutrino is produced through only the weak interactions. These observables include tests of lepton universality, the width of invisible decay of the Z boson, lepton-flavorviolating decays of µ and τ leptons, neutrinoless double beta decay, and magnetic and electric dipole moments of charged leptons.
A. Tests of Lepton Universality
In the SM, charged-current interactions couple to the three lepton families, e, µ, τ , with a universal constant: g e = g µ = g τ . Such universality can be studied at the percent and subpercent level by measuring the ratios of decay rates of charged leptons, pseudoscalar mesons, and the W boson. If a heavy neutrino exists, then the measured values of |g µ /g e |, |g τ /g µ |, and |g τ /g e | can deviate from unity. More concretely, if the heavy neutrino is too heavy to be produced in a given decay, one can relate the comparisons between experiment and predictions in order to estimate limits on the existence of a heavy neutrino, independent of any assumptions regarding how ν 4 decays.
Lepton universality tests have been used to estimate limits on the existence of a heavy neutrino in a number of analyses (see, for example, Refs. [2, [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] ). We revisit these constraints in hopes to offer self-consistent and precise results by performing a global combination of all relevant ratios of decay rates, using model-independent methods and the most up-to-date experimental measurements and theoretical predictions. 1 In Table I , we compile a list of observables that are sensitive to lepton nonuniversality, comparing experimental results and the SM predictions for ratios of decay rates. Some details regarding the values in Table I are itemized here: • Flavor-conserving charged-lepton decays. The SM expectations for the ratios of Γ(τ − → µ − ν µ ν τ ), Γ(τ − → e − ν e ν τ ), and Γ(µ − → e − ν e ν µ ) at tree level are
where f (x) ≡ 1 − 8x + 8x 3 − x 4 − 12x 2 log x. The values of the SM expectations for these ratios can be found in Table I . These predictions are sufficiently precise for our purposes, since the uncertainties associated with the charged-lepton masses and radiative corrections are an order of magnitude or 2 smaller than the experimental precision [16] . To compare these SM predictions to experimental values, we use the measured value of Γ(τ → µνν)/Γ(τ → eνν) quoted in Ref. [17] . 1 We choose to utilize only ratios of decay rates so that several experimental and theoretical uncertainties will, at least partially, cancel. To zeroth order, the bounds extracted are independent from changes to the definitions of fundamental parameters in the presence of the heavy neutrino (e.g., GF and sin 2 θW ).
Because the experimental measurement of Γ(τ → eνν)/Γ(µ → eνν) is not performed directly, we estimate its measured value as Γ(τ → eνν)/Γ(µ → eνν) τ −1 τ τ µ Br(τ → eνν), where τ τ and τ µ are the measured lifetimes of the tau and the muon, respectively, and Br(τ → eνν) is the measured branching ratio of τ → eνν. The measured values of τ τ , τ µ , and Br(τ → eνν) are taken from Ref. [17] .
• π, K, K L , and D s decays. The state-of-the-art SM predictions for the ratios Γ(π → eν)/Γ(π → µν),
are taken from Refs. [17] [18] [19] . Table I includes the experimental measurements of these ratios from Ref. [17] .
•B 0 decays. As shown in Table I , we separate measurements of the branching ratios ofB 0 decays into two categories: the LHCb experiment measurement of the ratio Γ( [20] , and the Belle and BaBar measurements of
signifies the average of = e and µ [21, 22] (and we combine the results from Belle and BaBar). This distinction must be made in order to account for how a heavy neutrino would affect the two measurements differently. These measurements are compared to the SM expectations from Refs. [23, 24] .
• W Boson Decays. The leptonic decays of the W boson can directly test lepton universality at the weak scale. The ratios Γ(W → µν)/Γ(W → eν) and Γ(W → τ ν)/Γ(W → eν) are predicted in the SM to be approximately unity, up to radiative corrections and corrections due to the mass of the final-state leptons [25] . We quote in Table I the experimental values for Γ(W → µν)/Γ(W → eν) and Γ(W → τ ν)/Γ(W → eν) from Ref. [17] .
• Ratios such as Γ(τ → πν)/Γ(π → ν) and Γ(τ → Kν)/Γ(K → ν) can be mostly predicted by theory, because the dependence on the decay constants f π and f K cancels in the ratio. The SM prediction for these ratios is
where M = π or K, and = e or µ. The radiative corrections δ π µ and δ K µ have been estimated in Ref. [26] . We estimate the prediction for Γ(τ → M ν)/Γ(M → eν) by multiplying the predicted value of Γ(τ → M ν)/Γ(M → µν) by the value of Γ(M → µν)/Γ(M → eν) calculated in Ref. [18] . The experimental values for these ratios quoted in Table I are taken from Ref. [17] .
We quantify the differences between the experimental measurements and the SM predictions listed in Table I by multiplying the SM prediction by |g /g | 2 and calculating the value it ought to have such that the central value of the theoretical prediction exactly matches the central value of the experimental measurement (the comparison between experiment and the SM expectation is also shown in Fig. 1 ). Then, we use a χ 2 function to estimate an error bar (68.3% CL) on each individual value of |g /g | 2 , including both experimental and theoretical uncertainties. We take each |g /g | 2 in Table I as being statistically independent from the others. If one combines all values of |g /g | 2 listed in Table I , the comparison to the SM expectation of |g /g | 2 = 1 yields p 4.6 × 10 −3 (χ 2 /dof 34.5/16), assuming each experimental value in Table I counts for only a single degree of freedom. The data are not consistent with lepton universality (at a little less than the 3σ level). The discrepancy between the data and the SM predictions could indicate that one or the other have underestimated systematic uncertainties, especially for the measurements or predictions ofB decays and hadronic τ decays.
|ge/gµ| 2 = 0.9958 ± 0.0032
|ge/gµ| 2 = 1.0044 ± 0.0040
0.6591 ± 0.0031 [19] 0.6608 ± 0.0030 |gµ/ge| 2 = 1.0026 ± 0.0065
0.6657 ± 0.0031 [19] 0.6669 ± 0.0027 |gµ/ge| 2 = 1.0018 ± 0.0062
1.000 [25] 0.993 ± 0.019 |gµ/ge| 2 = 0.993 ± 0.020
|gτ /gµ| 2 = 1.003 ± 0.003 [26] 9704 ± 56 |gτ /gµ| 2 = 0.993 ± 0.006
76 [17] 10.0 ± 0.6 |gτ /gµ| 2 = 1.02 ± 0.06
0.252 ± 0.003 [24] 0.336 ± 0.040 [20] |gτ /gµ| 2 = 1.333 ± 0.159
|gτ /ge| 2 = 1.000 ± 0.007
TABLE I: Tests for lepton universality that involve a neutrino. All measurements are taken from, or estimated with information provided in, Ref. [17] , except forB decays, which are taken from Refs [20] [21] [22] . The values of |g /g | 2 quoted are the factors by which the SM is multiplied to match the experimental central value, where a χ 2 function is used to estimate a 68.3% CL error bar, combining both experimental and theoretical uncertainties. In the SM,
are all predicted to be exactly unity.
Another possibility is that the existence of a heavy neutrino could be contributing to the observations, thus introducing a tension with the SM predictions. If the heavy neutrino is light enough to be produced in a decay process, its presence will affect not only decay rates but also the content and kinematic distributions of particles in the final state. In order to maintain decay-model independence and circumvent nontrivial experimental considerations, we apply the individual lepton universality constraints only when the mass of the heavy neutrino is large enough that its production is kinematically forbidden. In this case, the expressions for |g µ /g e | 2 , |g τ /g µ | 2 , and |g τ /g e | 2 in terms of the neutrino mixing-matrix elements can be found in Table II . It should be noted that the model including a heavy neutrino is not identical to the hypothesis of lepton nonuniversality because the expressions for |g /g | 2 in terms of the mixing-matrix element are not the same for every observable. If the mass of the heavy neutrino is greater than the mass of the W boson, and if |U e4 | 2 , |U µ4 | 2 , and |U τ 4 | 2 are permitted to vary independently, then the best fit yields p = 2.9 × 10 −3 (χ 2 min /dof 31.4/13), again, assuming each experimental value in Table I counts for a single degree of freedom. Nonzero |U e4 | 2 , |U µ4 | 2 , and |U τ 4 | 2 do not provide a better fit to the data than the SM.
We estimate the following marginalized limits on |U e4 | 2 , |U µ4 | 2 , and |U τ 4 | 2 at 90% CL, relative to χ 2 min , when m 4 > m W : |U e4 | 2 < 5.9 × 10 −3 , |U µ4 | 2 < 2.5 × 10 −3 , |U τ 4 | 2 < 5.9 × 10 −3 , which depend on no assumptions about the heavy neutrino besides Eq. (1). These results can be distinguished from those already in the literature, because we use ratios of decay rates (which permit cancellations of systematic uncertainties), marginalize over variables when quoting limits (instead of letting only one matrix element be nonzero at a time), use up-to-date measurements and predictions, include all available data (16 observables versus a few), and only quote limits when the value of m 4 is large enough that the decay into ν 4 is kinematically forbidden. This leads to bona fide model-independent limits on mixing-matrix elements (for other analyses see, for example, Refs. [2, 9, 13] 
The ratio of the data and the SM expectation of the observables listed in Table I .
Precise measurements of the invisible Z boson width can provide information on a heavy, mostly sterile neutrino. A convenient way to parametrize these measurements is to define the quantity (as done in Ref. [1] )
where Γ(Z → inv)/Γ(Z → ) is the measured ratio of the Z-boson decay rate to invisible particles and a given flavor of charged leptons ( = ee, µµ, τ τ ). The value of Γ(Z → νν)/Γ(Z → ) is predicted in the SM to be 1.9913 ± 0.0008 [17] . The SM expectation is N ν = 3, and the LEP experiments measure N ν = 2.9840 ± 0.0082 [1] . This presents, roughly, a 2σ inconsistency between the data and the SM expectation.
The discrepancy between the data and the SM can be completely accounted for if there is a heavy neutrino that interacts with the Z-boson only through mixing with the three active neutrinos. A modelindependent statement can be made when m 4 > M Z , where the heavy neutrino cannot be produced in Z boson decays. This removes the need for assumptions regarding how ν 4 could decay. If so, the expected value of N ν is modified to
Comparing Eq. (6) with the experimental value implies that |U e4 | 2 + |U µ4 | 2 + |U τ 4 | 2 < 9.5 × 10 −3 at 90% CL (or < 1.2 × 10 −2 at 99% CL). Loop corrections do not greatly affect this result [15] . Such a limit is weaker than those estimated from tests for lepton universality. In Section III B, we will discuss a more Table I for each observable if the SM is augmented by a single heavy neutrino, assuming the heavy neutrino mass is large enough that the decay into it is kinematically forbidden. These expressions do not consider the subsequent decays of a final-state tau.
general version of Eq. (6) for all values of m 4 .
C. Lepton-Flavor-Violating Decays
Loop-induced lepton-flavor-violating decays of charged leptons, e.g., radiative decays, three-body decays, semileptonic decays, and µ − e conversion, are predicted to be extremely rare in the SM, far beyond experimental reach, due to the smallness of the light neutrino masses. Current experimental limits on the rates of these processes can be found in Table III . If there is a heavy neutrino with mass m 4 1 MeV, the rates of these processes can be enhanced, perhaps to the point of being observable. The following discusses some details regarding the theoretical predictions:
• Charged-lepton radiative decays. At one loop, the branching ratio for → γ is (see Refs. [27, 28] and many references therein):
where α W ≡ g 2 W /4π, Γ is the total decay rate of , and
• Three-body charged-lepton decays. Including the effects of a heavy neutrino, we use the one-loop expressions in Ref. [29] to calculate the rates for lepton-flavor-violating three-body decays of charged leptons, i.e., µ − → e − e + e − and τ − → e − e + e − , e − e + µ − , e − µ + e − , e − µ + µ − , µ − e + µ − , µ − µ + µ − , as listed in Table III . We include diagrams with two heavy neutrinos in the loop, 2 whose contributions can be significant since they scale like m 2 4 /M 2 W when m 4 is large. Furthermore, when these contributions are ignored, the Br(τ − → e + µ − µ − ) and Br(τ − → µ + e − e − ) are zero at one loop.
• µ − e conversion. We use the expressions from Ref. [27] to estimate limits from searches for µ − e conversion in nuclei (including diagrams with two heavy neutrinos in the loop). Table III lists the experimental constraints on the normalized rates for µ − e conversion R Z µ→e on Z = Ti, Au, S, and Pb.
• Muonium decays and transitions. Muonium-antimuonium (MU-MU) transitions and MU→ e + e − decays can have a significant contribution due to Majorana and Dirac heavy neutrinos. However, the current experimental constraints on these observables give very weak limits on the values of |U e4 | and |U µ4 |. See Ref. [30] for a detailed discussion regarding these observables.
Observable
Exp. Limit (90% CL) A heavy neutrino can also induce lepton-flavor-violating hadronic tau decays, τ → + hadrons, where = µ, e. We do not, however, include the constraints from these searches, for the following reasons. One concern is that, to our knowledge, precise computations of τ → + hadrons have not yet been performed. Furthermore, we expect the inclusion of such constraints not to quantitatively impact our final results. For example, assuming the existence of a heavy neutrino, we estimate, very roughly, that the branching ratio Br(τ − → − π 0 ) ∼ Br(τ → e − µ − e + ) × 16π 2 f 2 π /m 2 τ , taking into account the pion decay constant and different phase-space integration. Because limits on the branching ratios of τ − → − π 0 and τ → e − µ − e + are both O(10 −8 ), and 16π 2 f 2 π /m 2 τ ∼ 0.8, it is unlikely that lepton-flavor-violating hadronic tau decays provide significant additional information beyond the purely leptonic lepton-flavor-violating three-body tau decays that we have included. For a complete list of the experimental results of searches of this type, see Ref. [17] .
We show in Fig. 2 the 99% CL limits on the mixing-matrix elements associated with the heavy neutrino when |U e4 | 2 = |U µ4 | 2 = |U τ 4 | 2 ≡ |U | 2 , utilizing a χ 2 function and assuming it is zero when |U | 2 = 0. We also include a rough estimate for a theoretical upper bound on |U | 2 : in certain Majorana neutrino models, there is a scaling between the mixing-matrix elements and the heavy neutrino mass, U ∼ yv/m 4 , where y is a dimensionless coupling, v ∼ 174 GeV is the vacuum expectation value of the SM Higgs boson, and m 4 is the mass of the heavy neutrino. If this is the case, |U | 2 → 0 as m 4 → ∞; ν 4 "decouples" as its mass gets heavier, as expected. This naive upper bound on |U | 2 is shown as the dashed, black line in Fig. 2 , where we arbitrarily set the couplings y to 1. If neutrinos are Dirac fermions, this estimate of the decoupling behavior need not apply. In general, the scale and behavior of ν 4 decoupling depends on the details of the complete theory.
On their own, limits from charged-lepton-flavor violation can only constrain products of the matrix elements associated with heavy neutrino mixing and are, therefore, weaker than those estimated from lepton universality tests. In a nutshell, one can always satisfy the constraint on the product of two matrix elements by assuming one of them is very small. 
The 99% CL limit on the neutrino mixing-matrix elements associated with a heavy neutrino, when
, using experimental constraints on radiative decays, three-body decays [17, 29] , and µ − e conversion on Ti (which gives the strongest constraints of the µ − e various limits) [17, 27] 
D. Neutrinoless Double Beta Decay
The observation of neutrinoless double beta decay (0ν2β) would be a clear sign that neutrinos are Majorana fermions (though neither the converse nor inverse are true). The conventional expression for the half life T 1/2 of 0ν2β for a given nucleus is
where G 0ν is a phase-space factor that is ∼ O(10 14 ) yr −1 , and M 0ν is a nuclear matrix element. Assuming one heavy neutrino exists,
The phases θ i represent linear combinations of phases present in the mixing matrix U , and p 2 is the virtuality of the neutrino exchanged in 0ν2β. The phases are unknown and unconstrained, while the value of p 2 is also unknown, but it can be roughly estimated to be p 2 ∼ −(100 − 200 MeV) 2 [31] . The most conservative limit on a fourth neutrino is obtained when the phases and light masses are chosen to permit the strongest cancellation between terms in Eq. (10), i.e., θ 1 = θ 2 = θ 3 = 0, and θ 4 = π, while m 1 , m 2 , m 3 are as large as possible. The most stringent upper bound on the mostly active neutrino masses come from cosmological observables and are still consistent with the quasi-degenerate approximation, m 1 ≈ m 2 ≈ m 3 ≡ m light . The Planck collaboration reports that the sum of the relativistic neutrino masses is i m i < 0.23 eV at 95% CL [32] , while |m 2 3 − m 2 1 | and m 2 2 − m 2 1 are known rather precisely and are both much smaller than 10 −2 eV 2 . Hence,
A combined analysis [33] of the null results from searches for 0ν2β by the GERDA [34] , EXO-200 [35] , KamLAND-ZEN [36] , CUORICINO [37] , and NEMO-3 [38] experiments places the limit |m ββ | < 130−310 meV at 90% CL (the range is associated with the different estimations for the nuclear matrix elements). If we consider the experimental constraint m ββ < 310 meV at 90% CL and use a χ 2 function to compare it with the expectation in Eq. (11), assuming that χ 2 = 0 when |U e4 | 2 = 0, then the 99% CL limits on |U e4 | 2 , as a function of m 4 , can be found in Fig. 3 , for different values of m light and p 2 . These limits depend on our assumption that the matrix elements U αi are independent from one another and from the neutrino masses m i . Very different limits are obtained under different circumstances. For example, in the Type-I see-saw model, bounds on U e4 from 0ν2β can be significantly weaker (for small m 4 ) or stronger (for large m 4 ) than the ones presented here (see, for example, [39] [40] [41] ). In principle, there are other experimental lepton-number-violating constraints, e.g., lepton-numberviolating µ − − e + conversion in nuclei and same-sign dilepton production at colliders. Rare semileptonic meson decays, e.g. K + → π − µ + µ + , can place model-independent limits on the existence of a heavy neutrino, analogous to neutrinoless double beta decay, but the current experimental limits are not yet strong enough to place meaningful constraints on |U α4 | [42] .
E. Magnetic and Electric Dipole Moments
The contributions from heavy neutrinos to the magnetic dipole moments of the charged leptons are beyond current experimental sensitivity. New physics contributions to the magnetic moment of the electron are typically quite small, and the uncertainty associated with the magnetic moment of the muon is currently too large to meaningfully constrain the presence of a heavy neutrino (see, for example, Ref. [43] ). Charged-lepton electric dipole moments can be induced from the presence of a heavy neutrino at two loops, but current experiments are not yet sensitive to these effects [44, 45] . The 99% CL upper limits on the value of |U e4 | 2 as a function of m 4 using the constraint |m ββ | < 310 meV at 90% CL [33] for different values of m light and p 2 , using Eq. (11).
III. CONSTRAINTS ON AN INVISIBLE HEAVY NEUTRINO
In this section, we discuss constraints from experimental searches for a heavy neutrino, assuming that the heavy neutrino is produced as a final-state particle, and it either 1) does not decay on the length scale of the experiment, or 2) decays on the length scale of the experiment, but predominantly decays into invisible final-state particles. 3 Before proceeding, it is useful to make some comments regarding expected ν 4 lifetimes. Given that these interact, at least, via the weak interactions through their mixing with the active neutrinos, weak decays provide an upper bound to the lifetime of the heavy neutrino. For m 4 larger than the W -boson mass, ν 4 decays are expected to be prompt. A rough estimate is τ 4 < |U α4 | −2 × 10 −24 s for m 4 of order the top quark mass. Even for |U α4 | 2 values smaller than any of the values accessible to the experiments discussed here (say, |U α4 | 2 10 −10 ), ν 4 is significantly shorter-lived than, e.g., D mesons. For m 4 values in the GeV range or lower, ν 4 decays like the tau or muon. Reasonable estimates are τ 4 < |U α4 | −2 × 10 −13 s for m 4 ∼ m τ , and τ 4 < |U α4 | −2 × 10 −6 s for m 4 ∼ m µ , keeping in mind that, in this mass range, the lifetime is proportional to (m 4 ) −5 . If m 4 is small enough that ν 4 → e + e − ν is kinematically forbidden, the upper bound on the heavy neutrino lifetime is significantly higher.
A very rough rule of thumb is that if m 4 is smaller than a few hundred MeV and there are no new interactions, ν 4 is stable at terrestrial experiments, and if m 4 is larger than 100 GeV, ν 4 decays are prompt. In between, in the absence of new interactions, whether or not the heavy neutrinos decay within the length scale of a given experiment depends strongly on m 4 and |U α4 | 2 . Our assumption that there are new interactions that lead the ν 4 to decay predominantly invisibly sidesteps all issues associated with how and how quickly the heavy neutrinos decay. As discussed earlier, we view the constraints discussed below as most conservative.
A. Kinematic Constraints
One can use the energy spectra of visible final-state particles in beta-decay, pion decay, kaon decay, muon decay, etc., to search for an invisible massive particle in the final state [46, 47] . In Section III A 1, we itemize constraints on |U e4 | 2 and |U µ4 | 2 , taken directly from experiments. In Section III A 2, we outline our estimate for constraints on |U e4 | 2 + |U µ4 | 2 from the precise measurements of the Michel electron energy spectrum in muon decay.
Direct Experimental Constraints
There are several dedicated kinematic searches that offer some of the best direct experimental constraints on an invisible heavy neutrino:
• Searches for heavy neutrinos via the kinematics of β decay have been performed with 187 Re [48] [55] .
The results of these searches are shown in Fig. 4 (a) and exclude |U e4 | 2 < O(10 −3 ) when 1 keV m 4 450 keV. 4 • An experiment performed at TRIUMF used the kinematics of Γ(π → eν) to place limits on |U e4 | 2 < O(10 −8 ) at 90% CL for 10 MeV m 4 55 MeV [60, 61] .
• The Brookhaven E949 experiment places the limit |U µ4 | 2 < O(10 −8 ) at 90% CL by analyzing the kinematics of K → µν 4 for 175 MeV m 4 300 MeV [62] .
• The KEK E104 experiment constrains |U e4 | 2 < O(10 −6 ) at 90% CL, when 135 MeV m 4 350 MeV, using the kinematics of K → eν 4 decays [63] .
• An experiment at KEK used the kinematics of K → µν decays to place the limit |U µ4 | 2 < O(10 −5 ) at 90% CL for 70 m 4 300 MeV [64] .
• The authors of Ref. [65] used pion decay to place limits on the ratio
Absent from the above list are direct limits on |U τ 4 | 2 . Precision, high-statistics measurements of the kinematics of τ → ν + 3π are sensitive to nonzero |U τ 4 | 2 values when 100 MeV m 4 1.2 GeV, providing one of the only kinematic tools for placing limits on |U τ 4 | 2 [66] . To our knowledge, this analysis has not yet been performed.
Michel Spectrum from Muon Decay
If there is a heavy neutrino in the final state of muon decay, then the energy spectrum of the final-state electron will change [67] [68] [69] [70] . The differential muon decay rate is [67, 68, 70] 
4 The KATRIN experiment will be able to place very strong constraints on |Ue4| 2 using only the kinematics of 3 H decay [40, [56] [57] [58] [59] .
where x ≡ 2E e /m µ , δ ≡ m 4 /m µ , and
The value of ρ is predicted to be ρ SM = 3/4 in the SM [17] , and the TWIST experiment measures it to be ρ exp = 0.74997 ± 0.00026 [71] . To our knowledge, no experiment has fit the kinematic distributions of Michel electrons in muon decay to a model that includes a fourth neutrino. In the absence of such a direct experimental result, we attempt to make a rough estimation of the limits on |U e4 | 2 + |U µ4 | 2 , considering that nonzero values of |U µ4 | 2 , and |U e4 | 2 could affect the fit to the data that determines the value of ρ. To do so, we define a χ 2 function to compare the Michel electron energy spectrum to two functions, one where ρ = ρ exp and δ = 0, and another where ρ = ρ SM , and δ is set to a given value. We organize these distributions into electron energy bins with a width of 1 MeV (similar to the energy bins at TWIST [72] ). The uncertainty in the denominator in the χ 2 of each bin is the propagating uncertainty associated with ρ exp . For a given value of δ, we vary the value |U µ4 | 2 + |U e4 | 2 in order to estimate limits. We find that |U µ4 | 2 + |U e4 . This result is similar in spirit to that found in Ref. [69] , but we estimate limits for the full range of m 4 and note that the limits apply for the sum |U µ4 | 2 + |U e4 | 2 (as discussed in Ref. [67] ), not just |U µ4 | 2 alone.
B. Invisible Z-Boson Decays
As first discussed in Section II B, the presence of a heavy neutrino can affect the measurement of the invisible width of the Z boson. We can easily extend the limits estimated Section II B for all values of m 4 with the assumption that if the heavy neutrino is produced in the decay of a Z boson, then it is invisible to detection. If so, the expression in Eq. (6) can be amended to
up to order |U α4 | 4 . The LEP experiments measure N ν = 2.9840 ± 0.0082 [1] , and the SM expectation is N ν = 3. The limits on |U e4 | 2 , |U µ4 | 2 , and |U τ 4 | 2 are shown in Figs. 4(a) , 4(b), and 4(c), respectively.
C. Neutrino Oscillations
Neutrino oscillations can provide insight regarding the presence of a heavy neutrino. Because we focus on an fourth neutrino with mass m 4 10 eV, the associated oscillations are typically too rapid to resolve experimentally. 5 Even so, the oscillations of the three light neutrinos would be "nonunitary," meaning the 5 As an aside, data from a handful of short-baseline neutrino oscillation experiments [73] [74] [75] [76] [77] disagree with our current understanding of neutrinos and can be interpreted as evidence for a fourth neutrino with mass m4 ∼ 1 eV. A global analysis in Ref. [78] reports best-fit values ∆m 2 14 ≈ 1 eV 2 , |Ue4| 2 ≈ 0.02, and |Uµ4| 2 ≈ 0.03. However, these data are not entirely consistent with one another under the four-neutrino hypothesis [78] , and the best-fit values are in disagreement with data from KARMEN [79] and the combination of disappearance data from the MINOS and Bugey experiments [80] . Proposed long-and short-baseline experiments, e.g., DUNE [81] or νSTORM [82] , may be able to offer additional information oscillation probability for only three light neutrinos is distinctly different from the oscillation probability for three light neutrinos and one heavy neutrino [83, 85] . If ν 4 has a negligible probability of decaying along its length of flight (and if the light neutrinos do not decay), then the probability for the oscillation ν α → ν β is
Here, ∆ ij ≡ 2.54(
, L is the the experimental baseline, and E ν is the beam energy. The probability P να→ν β is the same as in Eq. (16), but the matrix elements would be complex conjugated.
If m 4 10 eV, and ν 4 does not decay along the length of the oscillation experiment, then the KARMEN experiment constrains 4|U e4 | 2 |U µ4 | 2 < 1.3 × 10 −3 at 90% CL [79] , and the FNAL-E531 experiment constrains 4|U µ4 | 2 |U τ 4 | 2 < 4 × 10 −3 and 4|U e4 | 2 |U τ 4 | 2 0.2 at 90% CL [86] . Because both KARMEN and FNAL-E531 utilize pion beams, these constraints hold up to m 4 ∼ 1 MeV, beyond which the phase-space suppression associated with the production of a heavy neutrino begins to take effect. These are some of the only constraints for 10 eV m 4 1 MeV. If instead the heavy neutrino had some probability to decay along its flight path, then these constraints do not apply, and the constraints would have to be experimentally recalculated.
Similar to searches for charged-lepton-flavor violation, the experiments above constrain only products of |U α4 | 2 |U β4 | 2 and hence do not lead to strong constraints on individual |U α4 | 2 . Indeed, for small enough m 4 , when only these constraints are applicable, the neutrino oscillation data discussed in this subsection cannot rule out the possibility that |U µ4 | 2 or |U τ 4 | 2 are one. We return to this issue in Section IV.
D. Cosmology
If a heavy neutrino is in thermal equilibrium in the early universe, it can have an effect on cosmological observables, e.g., the Hubble constant, the primordial abundance of light nuclei, the cosmic microwave background (CMB), supernova luminosities, baryon acoustic oscillations (BAOs), and the large-scale distribution of galaxies. Because we do not utilize a full model of sterile-neutrino interactions, an in-depth analysis of cosmological constraints is beyond the scope of our present analysis. However, we do comment that if ν 4 decays on a time scale sufficiently before big-bang nucleosynthesis (BBN) (t BBN ∼ 0.1 s), then very strong constraints from big-bang nucleosynthesis, CMB, BAOs, etc., can be significantly weakened, if not removed altogether (see, for example, Refs. [3, 4, 11] ). We qualitatively comment on bounds from cosmology in Section IV.
IV. GLOBAL COMBINATION AND DISCUSSION
In order to combine all the constraints in Sections II and III, we choose to define a χ 2 function for each observable and for a given value of m 4 in the range 10 eV m 4 1 TeV. In so doing, we make the following choices/assumptions:
• In order to estimate conservative results, we make a phenomenological assumption that the heavy neutrino is invisible to detection, i.e., it either is long-lived relative to the scale of the experiment, or it decays quickly to other light species.
regarding the possible existence of an additional light neutrino [83, 84] .
• We apply the constraints from lepton universality tests (Section II A) when m 4 is too large to be produced in the decay of the parent particle. This is done in order to avoid the effects of producing a massive neutrino, which can affect experimental measurements in a nontrivial way, e.g., reducing the momentum of visible particles to the point where they no longer pass event selection criteria.
• The constraints on N ν from invisible Z-boson decays (Sections II B and III B) are applied for all values of m 4 .
• In order to quote a conservative bound, we choose p 2 = −(100 MeV) 2 , m light = 0.05 eV, and |m ββ | < 310 meV (90% CL) when applying the constraints from neutrinoless double beta decay (Section II D). Furthermore, we choose the associated χ 2 to be zero when |U e4 | 2 = 0.
• The constraints from µ → eγ, τ → γ, µ → 3e, τ → 1 2 3 , µ − e conversion on Ti (Section II C), the limits from kinematic searches (Section III A), muon decay spectrum (Section III A 2), and neutrino oscillations (Section III C) are utilized assuming the individual χ 2 functions are zero when all |U αi | 2 = 0.
In Figs. 4(a), 4(b), 4(c), the marginalized 99% CL limits on |U e4 | 2 , |U µ4 | 2 , and |U τ 4 | 2 , respectively, are shown as a solid black line. The reason why these global limits do not follow perfectly the individual limits (shown as dashed colored lines) in all places is that we have a consistent 99% CL limit in our global combination, while limits from experiments are often quoted at 90% and 95% CL. There is no difference between the limits on |U µ4 | 2 and |U τ 4 | 2 when lepton-number violation is permitted, i.e., the constraint from neutrinoless double beta decay is included. However, the choice of including limits from 0ν2β-decay has a very strong effect on the limits associated with |U e4 | 2 , which can be seen in Fig. 4(a) . We include Figs. 5 and 6 in order to show two-dimensional marginalized limits on the mixing-matrix elements, for m 4 = 100 GeV and m 4 = 1 keV, respectively, assuming lepton number conservation. Here, when m 4 = 100 GeV, the shape of two-dimensional limits on |U e4 | 2 versus |U µ4 | 2 ( Fig. 5(a) ) is dominated by constraints from tests for lepton universality and µ − e conversion on Ti, while the two-dimensional limits on |U e4 | 2 versus |U τ 4 | 2 ( Fig. 5(b) ) and |U µ4 | 2 versus |U τ 4 | 2 (Fig. 5(c) ) are dominated by only tests for lepton universality. When m 4 = 1 keV, the shapes of two-dimensional limits on |U e4 | 2 versus |U µ4 | 2 ( Fig. 6(a) ) and |U e4 | 2 versus |U τ 4 | 2 ( Fig. 6(b) ) are due to constraints from beta decay and neutrino oscillations, while the two-dimensional limits on |U µ4 | 2 versus |U τ 4 | 2 (Fig. 6(c) ) are determined by only neutrino oscillations.
The limits shown in Fig. 6 reveal that, given the data under consideration and for light enough m 4 , it is impossible to place bounds on |U µ4 | 2 and |U τ 4 | 2 that are independent from the values of the other elements of the mixing matrix (|U e4 | 2 , |U µ4 | 2 , and |U τ 4 | 2 ). This is depicted clearly in Figs. 4(b), 4(c) , where the 99% CL limits on |U µ4 | 2 and |U τ 4 | 2 are trivial for m 4 1 MeV and m 4 200 MeV, respectively. Other data, not discussed here, do constrain the heavy neutrino hypothesis even for such light values of m 4 . Atmospheric neutrino data [87] , for example, reveal that |U µ3 | 2 = 0, and there is strong evidence -from atmospheric data [88] and data from OPERA [89] -that |U τ 3 | 2 is not zero. Solar neutrino data [90, 91] , on the other hand, reveal that |U µ2 | 2 = 0 or |U τ 2 | 2 = 0. Since, in the scenario under consideration, |U α4 | 2 = 1 − i=1,2,3 |U αi | 2 , for α = e, µ, τ , current "standard" oscillation data forbid large values of |U α4 | 2 for all α = e, µ, τ . A detailed analysis along these lines is outside the scope of this analysis, but information can be extracted from a careful look at recent studies of the unitarity of the neutrino mixing matrix (see, for example, Refs. [92, 93] ). Qualitatively, |U µ4 | 2 and |U τ 4 | 2 larger than a few tens of percent are excluded for all m 4 values larger than several eV. Similarly, data from cosmological surveys should allow one to rule out very large |U α4 | 2 and small m 4 , even if the heavy neutrino decays invisibly and quickly, since the effective number of neutrinos (N eff ) is likely to be experimentally distinguishable from SM expectations. However, detailed bounds are model dependent.
Overall, we find that our limits on |U e4 | 2 , |U µ4 | 2 , and |U τ 4 | 2 are dominated by dedicated experimental searches to the kinematic signatures of a heavy neutrino, i.e., those discussed in Section III. However, we note that if limits on µ − e conversion and Br(µ → 3e) are improved by further experimental efforts, nontrivial constraints on |U e4 | 2 and |U µ4 | 2 will emerge when m 4 1 GeV, independent of any assumptions regarding ν 4 decay. If a specific model of ν 4 decay renders it invisible to detection, then the limits presented here are applicable. On the other hand, constraints on a model where ν 4 decays visibly can be dramatically different. For example, if one assumes that ν 4 decays predominately through the weak interactions, many of the constraints from Section III would be altered or replaced with those from experiments that directly search for unique decay signatures of the heavy neutrino. This scenario is very strongly constrained (see, for example, Refs. [2] [3] [4] [5] [94] [95] [96] [97] [98] [99] [100] [101] ). However, constraints using the ν 4 decay products are model specific. It is for these reasons that we focus not on a specific model of ν 4 decay, but instead augment the decayindependent constraints in Section II with constraints using the conservative phenomenological decision that ν 4 decays invisibly. 
